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A-HHOTaLJHJI 

MoflyjiapHbie (popMbi irayHaiOTca c tohkh 3pemia KOMniOTepHoft ajire6pbi, a TaKace KaK 
sjieMeHTbi p-aflH^ecKHx BaiiaxoBbix MOflyjieii. 

IIpeflCTaBjieHbi MeTOflbi penieHiia npo6jieM Teopiiii Hiicen nocpeflCTBOM npoiraBOflamiix (pyHKi^iifi 

II IIX CB33II C MOflyjiapHblMH CpOpMaMII. 

B MacTHOCTii, o6cy5KflaiOTca cnenjiajibiibie 3HaieHHa L-cpyiiKipiii. 

J\jm npocToro^HCJia p paccMaTpiiBaiOTca Tpoftiai Kjiacciraecioix MOflynapHbix cpopM 



f s (z) = Y, a ^< nz ^ e ^(Nj,^), (j = 1,2,3) 



BecoB ki,k2,k3, ypoBHeft Ni,N2,Na,n xapaKTepoB mod Nj. 

OnncaHbi p-aflii^iecKiie L (pyHKi^iiii neTbipex nepeMeHHbix, CBa3aHin>ie c TpoiiHbiMii npoH3BefleHH3MH 
ceMeiicTB KojiMaHa 



kj h-> if / = ^ (/,. ,:/, !./' j 



napa6ojiHnecKHx cpopM nanoaciiTejibiioro HaKjiOHa Oj = v p (pi^(kj)) > rfle oc"j = ot^Akj) 
co6cTB6HHbie 3HaHeHHa onepaTopa ATKima U = Up. * 

1 BBe^eHne 

MonyjiapHBie cpopMBi KaK oGi^eKTBi KOMnBioTepHOH ajire6pBi 

KocTfl Beii^ap 6mji OHem> }KH3Hepa^];ocTHbiM ^ejiOBeKOM, npo kotopmx roBopsT : "^yina KOinnaHHi". 
Oh jik>6hji TaHueBaTb, ho TaK»ce h jik>6hji peniaTb OTKpbiTbie MaTeMaTH^ecKHe npoSjieMU, h oh 

*KjiioieBbie cjiOBa: McmyjiapHbie popMbi, p-aflH^ecKiie L-cJjyHKijHH, p-afln^ecKiie 6aHaxoBM Mcmyjin. 
YffK: Teopua inceji (MSC 11F60) 



yBa»caji KOMbiOTepHyio ajire6py. B HexoTopbix pa6oTax oh HcnojibsOBajip-a^nriecKHe ^ncjia, BaHaxoBM 
KOJibna h MO^yjiH. 

PenieHne npo6jieMbi KojiMaHa-Ma3ypa o cymecTBOBaHnn p-a^H^ecKHx L-cbyHKiniii ^Byx nepeMeHHbix, 
CBa3aHHbix c co6cTBeHHMMH cGMGHCTBaMn nojiojKHTejibHoro HaxjioHa 6bijio flaHO aBTopoM b npeflbiflymeii 
CTaTbe |Pa,TVj (Invent. Math. v. 154, N3 (2003), pp. 551 - 615). 

B;ejib ^aHHoii pa6oTbi - nepeHecTii pe3yjibTaTbi CTaTbH jPaTV] Ha Tpoimbie npoH3Be,a,eHHfl 
TappeTTa ceMeiicTB MO^yjiapHbix (popM KojiMaHa. 

Mm paccMaTpnBaeM 



MOflyjiapHbie (popMbi xax 
1) cmeneHHue psidu 

OO 

/ = ^a n q n G C[[g]] h KaK 

n=0 



2) eojiOMopifmue gjyHK'quu 
na eepxneu ncuiynjiocKocmu 
H = {z G C | Im z > 0} 

3HaMeHHTMH npHMep - cpyHKipiH PaMaHyflacaHa r(n 



vpp q = exp(27rzz), 

Z G H, H paCCMOTpHM 

L-cbyHKiniio 



E 

rt=l 



X{n)a n n 



jik)6o80 xapanmepa JJupuxjie 
X : (Z/NZ)* — > C*. 



(pyHKU^n A f nepejueHHOu z ) 
onpedejiena qjopMajibHUM eupaotcenueM 



_,m\24 



q - 24q 2 + 252q 3 



= ?ICl(l-9" 
(ModyjisipHasi qjopMa 

oniHocumejibHO spynnu T = SLi2(Z)). 
B&icTpoe BbiHHCJieHHe cpyHKu;HH PaMaHyflacaHa: 



r(l)=l,r(2) = -24, 

r(3) = 252, t(4) = -1472 

r(m)r(n) = r(mn) 

fljifl (n, m) = 1, 

\r(p)\ <2p n / 2 

(Ramanujan-Deligne) 

djisi ecex npocmux nucejip . 



IIojiojkhm hi 



EE d 

n=l d|n 



fc— 1 „n 



T 



Vy" 



^OKasbiBaeTca: A = {E\ - #f )/1728 r fl e £ 4 = 1 + 240/i 4 H £ 6 = 1 - 504/i 6 : 
BbmHCJieHHe c PARI-GP 

(cm. |BBBC()] . The PARI/GP number theory system, http://pari.math.u-bordeaux.fr) 



hk := EE d 



-l q d 



n=l 



4^ i - 
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gp > h6=sum(d=l,20,d~5*q~d/(l-q~d)+0(q~20)) 
gp > h4=sum(d=l,20,d~3*q~d/(l-q"d)+Q(q"20) 
gp > Delta=((l+240*h4)~3-(l-504*h6)~2)/1728 

q - 24*q~2 + 252*q~3 - 1472*q~4 + 4830*q~5 - 6048*q~6 - 16744*q~7 

+ 84480*q~8 - 113643*q~9 - 115920*q~10 + 534612*q~ll 

- 370944*q~12 - 577738*q~13 + 401856*q~14 + 1217160*q~15 

+ 987136*q~16 - 6905934*q~17+ 2727432*q~18 + 10661420*q~19 + 0(q~20) 

CpaBHeHHe PaMaHyflacaHa: T ( n ) = ^""^ d 11 mod 691 : 



gp > (Delta-hl2)/691 

7.10 = -3*q~2 - 256*q~3 - 6075*q~4 - 70656*q~5 - 525300*q~6 

- 2861568*q~7 - 12437115*q~8 - 45414400*q~9 

- 144788634*q~10 - 412896000*q~ll - 1075797268*q~12 

- 2593575936*q~13 - 5863302600*q~14 - 12517805568*q~15 

- 25471460475*q~16 - 49597544448*q~17 

- 93053764671*q~18 - 168582124800*q~19 + 0(q~20) 
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IIpHMeHeHHe MO/jyjiapHbix cpopM k npo6jieMaM Teopira HHceji: 



npoH3BO,iiHiri;afl 
(pyHKHiis 

/ = En=0 a n1 n 

€ C[[q]] 

fljifl apniJiMeTHHecKoii 

(pyHKHHH Tl I ► Cl n j 

HanpnMep a n = p{n) 
IIpHMep 1 (cm. |Chand70P : 
(Xap^H-PaMaHy^jKaH) 



t v /2/3(h-1/24) 



p(") = 



+ Q(e ,r ^ 2 / 3A " A «). 
X n = y/n - 1/24, 



Bbipa»ceHHe ^epes 
MOflyjiapHyro cbopMy, 
HanpnMep 



n=0 



p(n)q n 

= (A/g)- 1/24 
T 

XoponiHe 6a3HCM 

KOHe^HOMepHOCTb 

MHoro cooTHOineHHii 

H TOJK^eCTB 



Hhcjio 
(otbgt) 



T 



SHa^eHHfl 

L-(pyHKu;ira, 

cpaBHeHHfl, 



IIpHMep 2 (cm. b t Ma-Pa05j): TeopeMa <J>epMa-yan.n3a, rnnoTe3a Bep^a-CyHHHepTOHa-^aiiepa, 



2 CeMeficTBa MOflyjiapHbix cpopM KojiMaHa 

CeMeiicTBa MOflyjiapHbix cpopM KojiMaHa nepeiueHHoro Beca k > 2 



k ' * A- = ^a„ (£;)<?" 

71=1 

e QM c c p [g] 

Mo,u;ejibHbiH npnMep 
p-a^nnecKoro ceMeiicTBa: 
p.sc' 9u3eHuimeuHa eeca k 
a n {k) = Y,d k -\f k = E k 

d\n 

a p (k) = 1 + p k ^ =4> MHoro^jieH 
TeKKe (9iuiepoBCKira MHOJKHTejib) : 
l-apX+p^X 2 
= (l-X)(l-p k ^X) 



1) cjpyHKnnn fc i— > a n (fc) 
(Kosg^gjui^ueHmu padd) n 
p-napaMeTp CaTaxe k i— > a^^/c) 

flBJIfllOTCH p-a^,HHeCKHMH 

aHajiHTH^ecKHMH npn (n,p) = 1: 

= (i-4 1} (fc)x)(i-4 2) (fc)x) 

2) HaKJiOH ord p (a(fc)) = a > 
nocmofinen u nojiowcumejieH 



2.1 IIocmpoeHue ceMeucme KojiMana 

KojiMaH h XHfla ycTaHOBHJiH, hto Bee KJiaccHHecrae Mo^yjiapHBie tpopMBi xcHByT b 
p-aflHiecKHx aHajiHTHiecKHx ceMeiicTBax, cm. 1 1 i, "<()' . fOoPB]|. KoMbiOTepHaa nporpaMMa Ha 
PARI fljia BbmiicjieHHfl Tarax ceMeficTB ,n;aHa b [CST98 (cm. TaxjKe Ha Web-page of W. Stein, 
Modular Forms Database http://modular.fas.harvard.edu/) 
Teopna BaHaxoBbix Mo^yjieii (KojiMaH): 
• OnepaTop U iieiicTByeT KaK 

==> cyrnecTByeT 

BnojiHe HenpepbiBHMH onepaTop , ^ 

_ „ onpeaejiume/ib <PpeozojibMa 

Ha baHaxBOM yi-nofl,MO^,yjie p 

cAliVl U - 3xo npe^e, = ~T-U)s A[T\ 

KOHe^HOMepHbix onepaTopoB) 
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• nocTpoeH BapnaHT evk(g) £ C p [g] 

meopuu Pucca: hbjihiotch Kjiaccn^ecKHMH 

fljiH jiio6oro o6paTHoro kopha napa6ojiH x iecKHMH (popMaMii 

a £ A* pa^a P\j(T) cymecTByeT fljin Bcex k BecoB b HeKOTopofi 

co6cTBeHHaa cpyHKinis g, Ug — ag OKpecTHOCTii H C X 

Taxaa hto Bee SHa^eHHfl (cm. b [£IoPBJ) 

3 TpoiiHfcie npoH3BefleHHa TappeTTa 

3.1 TpouKU (npuMumuenux) Modyjinptiux $opM 

fj( z ) = Y^=i a n,](f l € $k } (Nj,il>j), (j = 1,2,3) BecoB fci,fc 2 ,/c 3 , KOHflyKTopoB N!,N 2 ,Na, h 
xapaKTepoB ipj mod Nj, N := LCM(N 1 , N 2 , N 3 ). 
ITycTb p npocToe hhcjio, p \ N. 



3,a;ecb fj e (jy m C p [g] npn (pHKCiipoBatiHOM Bjio»ceHHH Q C p , C p = Q p nojie Talma. 
PaccMaTpHBaiOTCfl tojibko c6ajiaHCHpoBaHHbie tpohkh BecoB: 

k 1 >k 2 >k 3 >2, H fci < fc 2 + k 3 - 2 (1) 

3.2 Tpounoe npou3eedenun Fappemma 
9to hgkotopog poH3Be,a;eHHe Biuiepa CTeneHH 8: 

L(fi ® / 2 ® / 3 , «, x) = I] ® h ® / 3 ) P , X(P)^ S ), (2) 
rfleL((/ 1 ®/ 2 ®/ 3 ) P ,X)- 1 = (3) 

=Il(i-4?P«2 2)) * 3) ^) 

- \ L ~ a p,l a P ,2 a p,3 X )\ L - a p,l a p,2 a p,3 A )-- ■ ■'I 1 ~ ^,1^,2^,3^)' 

npoH3Be,a;eHHe 6epeTCH no bcgm 8 OTo6pa>KeHHaM r\ : {1, 2, 3} — > {1, 2}. 

3.3 KpumunecKue 3hclhg,huh u cftyHKi^uonaAbHoe ypaenenue 
HopMajiH30BaHHafl (pyHKHira (cm. |De79| . |Co| . |Co-PeRf] ). HMeeT bh^: 

A(/i®/ 2 ®/ 3 ,s,x) = (4) 

r c ( s )r c ( s - k 3 + i)r c ( s - fc 2 + i)r c (« - to + ® h ® / 3 ,s,x), 

r^;e Tc(s) = 2(27r) _s r(s). TaMMa-MHOiKHTejib onpe^ejiaeT KpiiTHHecKiie 3HaHeHna s = ki, ■ ■ • , fc 2 + 
k 3 — 2 rjih A(s). 

•PyHKi^HOHajibHoe ypasHeHHe ,n;jia A(s) HMeeT Bifl: 

s 1— ► to + to + to — 2 — s. 
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3.4 Memod: unmezpaJiwoe npedcmaejienuue Fappemma 
Oimcamie MeTOfla 

• BapiiaHT HHTerpajibHoro npeflCTaBJieHHa TappeTTa Tpoimoii L-cpyHKnira b Bime: fljifl 
r = 0, ■ ■ ■ , &2 + &3 — ki — 2, 

HflM ® h,k 2 ® h,k 3 ,k 2 + h - r,x) = 

J J J A.fci {zi)h,k 2 ( z 2.)hk 3 {za)£(zi,Z2, z 3 ; -r, y) J^( rfa; ^ J ) 

(r (Jv 2 P 2 ")\H) 3 3 
r^e fj^ ='■ fj).. 9to co6cTBeHHaa (pyHKnira conpa»ceHHoro onepaTopa ATKHHa U* v M^. (iVp, ^j), 
fj,kj,a ~ co6cTBeHHaa (pyHKinra onepaTopa ATKHHa C/ p , £(zi, 22, 2:3; — r, x) £ MrfJV 2 ^ 2 ") = Mfe x (N 2 p 2v , V>i)<8> 
-^-fc 2 (N 2 p 2v , V ; 2)<S5JVtfe 3 {N 2 p 2v , ^3) TpoiiHafl MOflyjiapHaa (popMaBeca (fci, fe, ^3), c (pHKCiipoBairabiM 
TpoiiHbiM xapaKTepoM (f/'i, ^2, V's)- 

TpoHHaa MOflyjiapHasi cpopMa £(zi, 22, £3; — r, x) ctpohtch 113 HeKOToporo iiohth ranoMopcpHoro 
pafla 3uzejisi-9u3eHwmeuHa F XiT = G* (z, —r; k, (Np v ) 2 po,n,a Tpn, Beca k — k 2 + k 3 — fei, 11 
xapaKTepa t/> = x^iV^^- A™ 3Toro k pa^y f%,r npiiMeHfleTca: 

onepamop CKpynueawusi Bexepepa BBe,a;eHHbiH b |Boe-Schm) . 

du(f>(fiepeHV,uajibHuu onepamop H6ynusiMU (cm. |Ihn| . p3SY j). 

TaK»ce Hcnojii>3yeTCH: 

• TeopHH p-a^HHecKoro HHTerpHpoBaraa co 3HaieHiflMi b BaHaxoBbix A-mojjjjixx Mt(-A) 
TpofiHbix MO^yjiapHbix cpopM Ha# p-a^iiHecKoii BaHaxoBOH ajire6poii A. B stoh TeopHH CTpoaTca 
Mepbi Ha rpynne Y = (Z/JVZ)* x Z* c Hcnojib30BaHHeM ajieMeHTOB £(— r,x) M0,a;yjifl Mt(-A)- 

• CneKTpajibHaa Teopna TpoftHoro onepaTopa ATKHHa U = ?7 Pi t no3BOJiaeT BbiHHCJiHTb 
HHTerpaji ^epea npoeKiniio tt\ MO^yjifl My(A) Ha ero A-nacTb Mt(j4) a . 

^OKasbiBaeTca hto J7 - sto BnojiHe HenpepbiBHbiH .A-jiimeimbra onepaTop (T.e. npe^eji KOHeHHOMepHbix 
onepaTopoB), 11 npoeKuira 7r>, cymecTByeT no o6meMy pe3yjibTaTy Ceppa 11 KojiMaHa, cm. CoPBJ, 

jSsEE]. 



4 Ochobhoh pe3yjibTaT: L-cpymajHsi neTtipex nepeMeHHwx 

06o3HaHHM x nepeMeHHbiii xapaKTep ^iipiixjie mod Np v ,v > 1, h nycTb fcj-nepeMeHHbie Beca 
b npocTpaHCTBe p-aflHiecKHX BecoB A = Xfj p v = Honi con t(Y, C*), Y" = (Z/AZ)* x Z* (p- 
a^HHecKoe aHajiiiTii^ecKoe npocTpaHCTBo) . A- 113 r € Z ToiKa (r, x) S A flaeTca roMOMopcpH3MOM 
(j/i,J/2) i-> xfe/i)x(2/2 modp 1 ')^. 

Chmboji {g, h) o6o3Ha x iaeT HopMajiH30BaHHoe CKajiapHoe npoH3Be,a,eHHe IleTepcoHa MO^yjiapHbix 
(popM. 

(/°,£(-r,x)) 

TeopeMa. 1) <PyHKV,UM L / : (s, ki, k 2 , k 3 ) -=-t -r 3aeucum p-adunecKU anajiumuHecKU 

(/°,/ ) 

om nemupex nepeMennux (x • 2/p, ^1, ^2, ^3) S A x ®i x ^2 x ^3; 

2) ^Zfywi ecex p-adunecKux eecoe (^1,^2,^3) 6 Henomopou p-adunecKou OKpecmnocmu S = 25i x 
2>2 x 233, c ycAoeueM ki < k 2 + k 3 — 2, UMeeM: 3HaneHusi e moHKax s = k 2 + k 3 — 2 — r coenadawm 

C H0pMaAU30eaHHUMU KpUmUHeCKUMU 3HaHeHUMMU 

L*(fi,ki ® h,k 2 ® hM'k 2 + k 3 -2 -r,x) (r = 0, • • • , fc 2 + fc 3 - fci - 2), 
djin xapanmepoe JJ,upuxjie x mod Np v , v > 1, c Np-nojmuM KOHdynmopoM. 
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3) Uoaookum H = [2ord p (A)] + 1, JJah ecex eecoe [k\, ki, k^) E 23 u x — x • Dp (fiyHKUflisi 

(/°-/o> 

npodoACHcaemcji do p-adunecKou anaAumuHecKou g)yHKV,uu muna o(log H (•)) nepeMeuHou x E X. 
4.1 Ha6pocoK doKa3ameAbcmea 

1) • fljifl Jiio6oro Beca (fei, &2, £3) iicnojib3yeM pclbghctbo (/,£(— r, x)) = (/ , 7Ta(£(— r, x))) , 
KOTopoe BbiBOflHTCH H3 Im 7Ta = Ker([/r — A/)", Ker7rA = Im([/y — A/)™. 

OTCio,a;a cjie/iyeT: (/ , £(— r, x)) 3cibhcht p-a^HnecKH aHajiHTnnecKH ot (fci, &2, fe) 6 23 = 23i x 
S2 x 233, r^e ./I = .A(!Bi x 232 x 233) - p-a^n^ecKafl BaHaxoBa ajire6pa aHajniTii^ecKHx cpyHKiniii Ha 
23. 

• JlflR jiio6oro Beca (k%, ki, ka) CKajiapHoe npoH3Be,a;eHHe (f, £(— r, x)) ,a;aeTca nepBoii Koop/nmaTon 
Be-KTopa 7ta(£(— r, x)) b jik>6om opToroHajibHOM 6a3nce MOflyjia M A (.A) coflepjKameM / OTHOcnTejibHO 
ajire6pannecKoro npon3Be,n,eHHfl IleTepcoHa-XH^bi {g,h) a = l^g p \ (^^ p Q^j ,hj (pacmnpeHHoro Ha 

MO^yjib M A (7l) no TpiiJiiiHeimocTH) . 
Otbgt; 

Bbl6epeM (jIOKajIbHbin) 6a3HC i l , • • • , i" flaKDLLUlHCH HeKOTOpblMH TpOHHblMH K03(p(pHH,HeHTaMH 

Oypbe ^BoiicTBeHHoro .A-MOflyjifl (jioxajibHO CBo6o,a;Horo KOHenHoro paHra) M. X (A)* . Hcnonb3yeM 
oGosHa^eHne 1(h) = j= . 

TeoMeTpHHecKHH cmmcji I: nepBaa KOop^HHaTa */l-6a3Hca co6cTBeHHbix (pyHKiniii onepaTopoB 
TeKKe T q ,h;jih Bcex q \ Np, c nepBMM 6a3HCHMM ajieMeHTOM /o E M. X (A). TaKoii 6a3nc HecjiojKHO 
nocTpoHTb c noMOirno ^eiicTBHfl T q Ha CTeneHHbix pfl,n;ax. 

KpoMe Toro, i — P\i x + ■ ■ ■ + f3 n £ n , h Pi = 1(1%), npnneM l{ o6o3Ha x iaeT ^BoncTBeHHbiii 6a3HC 

MO A yJia M X (A): #(4) = Otckwi Pi = 1{Q = E A 

fljiH jiio6oro Beca (ki, ki, ^3) HMeeM 

*(£(-r, x )) - /3i^(£(-r, *)) + • • • + P n i n (E(-r, x)) 

r,n,e /3i = t(ti) E A, npn^eM t(t(— r, x)) E A HexoTopbie Tpoimbie KOScpcpninieHTbi <l>ypbe (pyHKinin 

x)- 

OTCio,i];a BbiTexaeT 1) nocKOJibKy Bee KOSCpcpnnneHTbi <3>ypbe (pyHKinin £(— r, x) JieacaT b A. 

3aKJnoieHHe: /3j£j(£(— r, x)) JieacaT b A vl KoppeKTHO onpe,a;ejieHbi fljia Bcex p-a^nnecKnx 
BecoB, He TOJibKO fljifl KJiaccH^ecKHx BecoB (fci, ^2,^3), OTKy^a BbiTexaeT 1), hto h ^aeT HHTepnojiainiio 
no nepeMeHHMM (^1,^2,^3)- 

OTcro^a bh^ho, ^to cym,ecTByeT (pyHKn,na £(— r, x) E M A (yi), Taxaa, ^to £(£(— r, x)) = ^(7I"a(£( — r i X)) — 
^(£(— r, x)) Jiio6oro Beca (Asi, ki, ks))- 

JXjik ,a;0Ka3aTejibCTBa 2), 3), H3ynaeTCH 3aBncnM0CTb ot xapaKTepa x = x ' Up H Teopna p- 
a^nnecKoro HHTerpnpoBaHHfl. 

Ctpohtch p-afln^ecKne Mepbi /i co 3HaieHiflMH b MO/iyjie M A (A). ^jia SToro mm ^,OKa3biBaeM 
cpaBHeHHfl fljia KOScpcpnnneHTOB <l>ypbe tpohhoh MOflyjiapHoii (popMM £(^i, z%, Z3; — r, x), Kax b 
pa6o T ax |PaMM.Ij. jPaW]. 

3>yHKii;Hfl £ CTpoHTca xax npeo6pa30BaHne MejuinHa H(x) = £>)j,(x) Mepbi, KOTopoe Bcer,n;a 
aHajiHTH^ecKH 3aBncnT ot xapaKTepa x. 

9th Mepbi onpe^ejieHM CHa^ajia jinnib Ha "npo6Hbix (pyHKnnflx" x = x * Up, ho ohh ^onycKaiOT 
KaHOHH^ecKoe npoflOJiJKeHne Ha Bee jiOKajibHO-aHajiHTnnecKne (pyHKn,nn. □ 
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